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Subject of this paper is the transport noise in discrete systems. lbe transport systems are given by a number (n) of bind- 
ing sites separated by energy barriers. These binding sites may be in contact with constant outer reservoirs. The state of the 
sysiem is cbaracterked by the occupation numbers of particles <current carriers) at these bindiig sites. The change in time 
of the occupationnumbers is generated by individurd ‘Tumps” of particles over the energy baxiers, building up the flux mat- 
ter (for charged particles: the electric current). In the limit n -+ m continuum processes as e.g. usual diffuston are included in 
the transport model. The fluctuations in occupation numbers and other quantities lmearly coupled to the occupation num- 
bers may be treated with the usua’i master equation approach_ The treatment of the fhrctuations in fluxes (current) malces 
necessary a different theoretical approach which is presented in this paper under the assumption of vanishing interactions 
between the particles. This approach may be applied to a number of different transport systems in biology and physics (ion 
transport through porous channels in membranes, carrier mediated ion transport through membranes, jump diffk:ion e.g 
in superionic conductors). As in the master equation approach the calculation of correlations and noise spectra may be re- 
duced to the solution of the macroscopic equations for the occupation numbers. This result may be regarded as a generaliza- 
tion to non-equilibrium current fhtctuations of the usual Nyquist theorem relating the current (voltage) noise spectrum in 
thermal equibbrium to the macroscopic frequency dependent admittance. 

The validity of the generai approach is demonstrated by the calculation of the autocorrelation function and spectrum of 
current noise for a number of special examples (e-g. pores in membrances, carrier mediated ion transport). 

1. introduction 

In the last years the application of noise analysis to 
bioIogica3 systems has become an important method 
[I ] _ In many cases adequate theoretical concepts for 
analyzing the noise measurements, e.g. electric noise 
generated by nerve membrane channels, can be found 
in older papers concerning fluctuation phenomena in 
physical and chemical systems, e-g. [2,33, treated with 
the so-called master equation approach_ The master 
equation approach is an adequate formalism for treat- 
ing fhrctuations in a set of variables representing a 
Markov process, These Markovian variables may be the 
occupation numbers of electronic states in a solid or 
the concentrations in chemical kinetic systems. 

In a series of papers 14-61 and in a recent review 
[7f the master equation approach of van Vliet and 
Fasset [ZJ and other authors has been used for noise 
analysis of kinetic systems and applied to membrane 

channels, In these systems the observable quantities 
are linearly coupled to the Markovian variables [7]. 
E.g. in some models for nerve membrane channels, 
the channels may be in different states, and one or more 
states may be ‘open”. Then the current fluctuations 
are proportional to the fluctuations of the number of 
channels in the open state. Generally, if the observable 
fluctuating quantities can be expressed by a linear com- 
bination of the Markovian set of variables, the observed 
fluctuations (correlations and spectra) are simply ex- 
pressed by the correlation matrix or noise spectrum 
matrix of the Markov process. Subject of this paper is 
another type of fluctuations which is of basic impor- 
tance as well as the fluctuations in occupation numbers 
but which is basically different. Apart from special tri- 
vial cases its theoretical treatment makes necessary a 
different theoretical approach: Consider a number of 
binding sites separated by energy barriers. Again the 
state of the system can be characterized by the occupa- 



tion numbers of particles at the binding sites- 3f the 
set of occupation numbers represents a Markov pro- 
cess, their fluctuations may be treated with t3%e master 
equation approach- We assume that the change in time 
of these occupation numbers is generated by individual 
“jumps” of part3cles over the energy barriers, building 
up the fruxes of matter_ The fluctuations in these fluxes 
around steady states are the sources of the transport 
noise (e.g. current noise) generated by the descI_ibed 
discrete transport system. And the general treatment 
of the tbrctuations of these fluxes w-333 be presented in 
this paper. Because the transport system is ahowed to 
be in contact with outer constant reservoirs, fluctua- 
tions around non-equilibrium steady states are included. 

The fluctuations in fluxes (currents) make necessary 
a different fheoretical approach, because a unique repre- 
sentation of the microscopic fluxes by the occupation 
numbers in genera3 is not possible. Nevertheless it w3l3 
be shown that as in the master equation approach to 
concentration fluctuations the problem of calculating 
the correlations and noise spectra in fluxes can be re- 
duced to the solution of the macroscopic phenomeno- 
logical equations, describing the change in time of the 
occupation numbers- 

In an appropriate limit of n -+ - (n: number of bind- 

ing sites) and vanishing distance between the binding 
sites the phenomenologica3 equations become usual 
(continuum) diffusion equations_ Hence the continuum 
case may be treated as a limit of the discrete transport 
model. This wi.33 be exphcitely done for special cases 
of one-dimensional transport through pores in a later 
paper- 

A most important application of the presented 
theoretical approach are current fluctuations in elec- 
trical systems, because generally the measured current 
is given by an appropriate linear combination of the 
individual fluxes. With our genera3 approach the cur- 
rent fluctuations in a number of biologicaf and physi- 
cal transport systems may be analysed, which at fust 
sight demand different methods or so far have been 
treated by different methods or which could not yet 

be treated. 
Two important examples are: First, the one-dimen- 

sional transport through pores (membrane channels), 
which are represented by a sequence of binding sites 
[S,9]. Second, carrier transport systems. The first ex- 
amp3e has recenntly been treated by Eiuger for the spe- 
cia3 case of one binding site within *&e pore [lOI and 

for arbitrary numbers of binding sites in the equilibrium 
case [ 3 3 3 with the use of the Nyquist theorem. Besides, 
from our result for the general current noise spectrum 
the validity of the Nyquist theorem for pore trensport 
systems also far from equilibrium can simply be derived. 

lhe presentation in this paper is arranged as follows: 
3n the second section we describe t3re genera3 discrete 
transport model, introduce the neccssarr notations and 
conventions and formulate the phenomenological equa- 
tions for occupation numbers, which determine the 
macroscopic behaviour of the system. In the third sec- 
tion we derive the genera3 theoretical approach to the 
guctuations in rlnxes around a (non-equilibrium) steady 
state starting with an investigation of the time correla- 
tion between the individual fluxes. in the fourth sec- 
tion we describe the application to transport noise in 
pores. Finally in the fifth section we demonstrate the 
validity of the procedure by application to carrier me- 
diated ion transport far from equilibrium and by ex- 
plicite discussion of some simple examples: transport 
noise in pores with one and two binding sites and mod- 
els for gating current and hydrophobic ions. 

A detailed treatment of pores with arbitrary num- 
ber of binding sites and of carrier noise including the 
comparison of noise analysis with macroscopic relexa- 
tion experiments wi33 be given elsewhere- 

2. i&erete transport systems 

Ihe transport system is considered to consist of n 
binding sites, i.e. possible places for the particles, repre- 
senting the transported medium- For simp3ic3ty the 
par&ides are assumed to be identical as far as their 
transport properties are concerned. 3n electric systems 
in this identity is conSned the assumption, that a33 
particles carry the me charge_ We emphasize that we 
make this assumption on3y in order to avoid confusion 
by introduction of additiona parameters. It 3s not an 
essential assumption for performing the presented theo- 
retical approach. 

Furthermore the h3nding sites may be in contact 
with a constant env3romnent (reservoirs). The change 
in tbne of the expected occupation numbers VV~)N(O> 
(nmbers of part3des at the ith binding site) is assumed 
to be given by the fol3owhrg set of phenomenologiea3 
equations 
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i,k=l,Z ,..., n. 

In (2.1) yk stands for the interaction with constant 
reservoirs. A system of the type (2.1) is called a dyna- 
mical system. In the equations (2.1) random fluctua- 
tions are neglected. 

The index N (O), denoting the Initial state, is omit- 
ted in the following. 

If the system contains a stable time-independent 
solution @able point) linearization around this steady 
state N s yields the Iinearized equations 

(2.21) 

or in matrix notation 

d(N,/dt = MN> ‘y - (2.2b) 

Tbe steady state sohrtion NS of (2.2) and (2.1) is g&en 
by the linear equations 

Q-3) 

which are solved by standard methods. 
In the following treatment of fluctuations around 

the steady state MS the linearized equations (2.2) are 
used. This is a consistent appror-imation in case the 
calculated fluctuations are small enough to remain 
within the region around Ns where the linearization 
(2.2) is a good approximation of (2.1). Below we shall 
specialize to cases where interactions between the trsns- 
ported particles can be neglected. 

The justification of this assumption implies +be 
validity of the linearization (2_2)_ Having solved (23) 
and introduced 

s_‘Nj--Nj (2.4) 

we get for <a) from (2.2), (2.3) the homogeneous equa- 
tions 

d@/dt =M(a>. G-5) 

The system (2.5) of linear first order differential equa- 

tions may be solved by standard methods extens%ely 

described in the literature [e.g. 123_ In this and the 
following papers we ShaII derive expllcite solutions for 
special systems. 

We now assume to have solved (2.5) and imroduce 
the fundizme~tta~ matrix S?.(t) of the system with the 
elements S&&t) as solutions 

~i~cr) = (I*) (2.6) 

of (2.5) under the initial condition 

or&O) = 1, 

N*(O) = I, 

04_(O) = 0 else, 

Ni(0) = 0 else, 

for y 7eL0, 

(2.7) 
for y = 0. 

Obviously 

lim fi(t)=0. 
?+- 

The fundamentat matrix Jz represents the solution 
of (ZS), because for arbitrary initial condition N (0) 
the solution of (2.5) is (“a transpose of a) 

(Q(t)> = n(t) g(o), for Y f 0, 
(2.3) 

We note that R in discrete sysrems is in complete anal- 
ogy to the Green’s function G(r, r, ?) in continuous sys- 
tems, representing the solution c(r, t) of a @ear) par- 
tial differential equation under the initial condition 
c(r, 0) = 6(r - r)_ 

2-2. ?Tre flux matrfx 

In the general case we admit jumps of particles be- 
tween all binding sites, These jrrmps 5n;ld up the in- 
dividual fluxes, which consist of a sum of S-functions, 
i.e. the duration oftbe jumps is assumed to be very 
short compared with the characteristic time constants 
occurring in the fundamental solution for the expected 
vahres. We introduce the flux matrix@. The element (bi, 
is the fhux from the kth to the ith binding site sbii is 
set zero. 

Microscopically e&(r) consists of a sum of b-func- 
tions. The expected values <~i~!t>> are given by the ex- 
pected values Wi(t)> in a way -which depends on the 
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special structure ofthe transport. In this paper we 
want to restrict to the general case, where interactions 
between the individual particles are neglected. In this 
case thegrobability of ‘humps” from the kth binding 
site is pr&portional to the occupation number A$. Mik 
(f + Ic) is the jump rate from k to i, i-e_ the probability 
(per unit rime) that a particle at the Mh binding site 
jumps to the ith site. Hence the expected values (@& 
are given by 

<@&)) = Mik (Nk(f)), if k, (2.9) 

$b@ = 0. 

The stationary expected values of the fluxes <@& are 
indicated by @&>_ The deviations from the stationary 
expected fluxes are given by <rp): 

(s&t)) = (Qik(r)) - qsn-)- (2.10) 

Of central importance for the calculation of the fiuc- 
tuations will be the “fundamental” expected fluxes 

(2.11) 

which describe the expected value of flux q&) under 
the initial condition (2.7). 

Up to now we have considered only the internal 
fluxes between binding sites. If the system is open, i.e. 
the binding sites are in contact with (m - n) outer 
reservoirs, we have to regard the fluxes between the 
reservoirs and the binding sites as well. For this case 
we extend the (n X n)-flux-matrix to a (m X m)-matrix 
(m > n) with the componenti 

The components Gti denote the flux from the ith bind- 
ing site to the (cr - n)th reservoir and ejP the reverse. Fur- 
thermore if there are jumps between the reservoirs them- 
selves, these are the components @,crJ, v > n)_ The ex- 
tension to gw is similar. 

Naturally the expected values G&J and <@& @, v 
> n) are the time-independent i.e. <~j~) = 0, <p,J = 0, 
while for <q,J in correspondence to (2.10) holds: 

<ypj(z)) = ‘@J?)) - qjx (2.1Oa) 

And the “fundamental” expected fluxes are in exten- 
sion of (2.11) 

(2-l la) 

where ~~~~ are the rate constants for jumps from the 
ith binding site into the reservoir (j.r - n)_ Obviously 
the Mp j are implicitely contained in the diagonal ele- 
ments Mii of NJ. 

We can extend as well ~j~. But by the assurnption 
that the reservoirs are constant there is no correlation 
between jumps into the reservoirs, jumps between the 
reservoirs and the other fhrxes and between the jumps 
from the reservoirs to the binding sites. Hence the com- 
ponentsS+ Si?j~~Si?~Vanish forp, V>?Z. 

23. Obse7vebie qrurntities 

We assume the observed flux J to be some linear 
combination of the individual fluxes Qw 

(2.12) 

It is not necessary to make specific assumptions about 
the (m X m)-matrix 7 at this moment. In electrical sys- 
tems, where J is the observed current, the contributions 
of jumps from the ith site to the lctb &e and reverse 
differ only in sign: Then 7 is an antisymmetric matrix 

Yru, = --I.,,- (2.13) 

3. Correlation functions and spectra of the fluctuations 

in fiuxes 

We introduce a correlation matrix C(t) of fourth 
order with the elements CPY,KP (2) representing the 
usual ensemble averaged correlations between the in- 
dividual fluxes q&, at one time and #K,, at the same 
time or later: 



Because we consider steady states, the correlations 
can be referred to time zero. 

We now derive a general expression for CW,KP. Tak- 
ing the ensemble average at time zero contributions to 
4,&O) @,&) can only occur when at t = 0 a particle 
jumps from the site Y to the site p. If interactions be- 
tween the particles mn be neglected, (Z-9) is valid and 
the mean rate of sueb jumps is in the steady state equal 
to the expected stationary &IX Z$&> 

@;I =&fpA$ (3.2) 

Then tbe general expression for CEtv,KP ($1 is sknply 

S 
PJMP z ( 

1 forp,Y=fc,p 

0 else 

‘Ifbe validity of (33) may be seen by the following argu- 
ments: The S-like first term in (3.3) is the correlation 
of the jumps from Y to p with themselves at t = 0. 
This term can be interpreted as a usual shot noise con- 
tribution, 

Taking the ensemble average in {Xl) leads to the 
conditional average for $,., (2) under the (&it%@ con- 
dition that at t = 0 a particle is in the ftth bindmg 
site as conseq-ience of the jump from v to IL And 
the time depe,ldent contribution of this conditional 
average to C(t) is just the expected ‘“fundamental” 

fk.rx #&,_ Hence with (2.1 I), (2.1 la) results the second 
term in (3.3). 

~b~o~y the fourth order time correlation mata 
C(r) in general is not time reversible (C(t) +C(-?)I. 
‘The fourth order noise spectrum matrix G(o) is deter- 
mined by G(t) through the Wiener-Khintcbine rela- 
tions: 

G 
CO), W(O) (3 -41 

The autocorrelation of J, which may be measured 
in noise experiments, is with (2.12), (3.3) and (3.3) 

The noise spectrum G>(o) of J is 

GJ(w) = 4Re f AJ(O) AJ(t) gut dt. 
0 

Hence with (3.5) 

(3 -6) 

The first (shot noise) term in (3.7) is white noise. If all 
eigenvalues of MKP are real, S2&t) consists of a sum 
of relaxation terms e -“rf. Then the second part is a 
sum of usual Lorentz-type spectra. 

By the results (3.3)-(3.7) the microscopic thrctua- 
tions of the fluxes of matter and linearly coupled quan- 
tities as the electric current are related TO the phenom- 
enological equations @.I), (2.2) and hence to the 
macroscopic properties. This result is valid for steady 
states also far from equ~b~um and may be regarded 
as an extension of the well known Nyquist formula for 
current fluctuations in equilibrium. 

4. Tcmsport noise in pores 

In this chapter we apply the general approach to cur- 
rent noise generated by ion transport through pores in 
a barrier model. Similarly the described model may be 
applied also to other transport systems (e.g. superionic 
conductors). 



4-I. T&e mode1 

The transport model (“‘pores”) is considered to be 
a sequence of (n + 1) activation barriers separated by 
n energy minima (binding sites). The transport system 
is assumed to consist of a great number of identical 
noninteracting pores. The rate constants for jumps 
from the ith binding site to the right or to the left are 
denoted by k;, krrespectively. They are assumed to 
be independent of the occupation numbers A$$ The 
macroscopic (phenomenological) equations for the 
rate of change Q$) are then given by: 

Ci$) = k;_ 1 vlii_l)-(k~-tki”)<Ni)+.k~~lvlr~~l), (4.1) 

i=2,3,...,n-1 

The concentrationsNo,N,,1 at the pore mouths, 
which determine the infiux into the pores, are assumed 
to be constant and the rate constants kf, krform the 
coefficients of the relaxation matrix M in (2.2): 

Mii=-(k;+ic;>, Mii+l =k;+l, 
, 

M. _ = k’ z+l,z i’ Mik = 0 else 

and 

(4.2a) 

y1 =k&,, r, = k~+lN_+l, ui = 0 else. (4.2b) 

In the limit n +- a, which can be regarded as the transi- 
tion to the continuum case, (4.1) becomes a linear dif- 
fusion equation 19,133, the special structure of which 
depends on the special choice of ki, k;. The equations 
for NI and N, become (homogeneous) boundary con- 
ditions. 

Tbe system (4.1) can always be symmetrized and 
the eigenvahres of the relaxation matrix of the system 
are real and negative [13]. The symrnetrization is 
done by the diagonal matrix T with the components: 

Tii = ?I r2 ..- ?;_I ti 

tl = 1, ti=dm, i=2,3 ,_._, n. (4-3) 

Under this transformation N , Y and IHare transformed 
to 

A=TAI, V=TY, @=TMT -1, (4.4a) 

with 

Because M may be symmetrized, it can also be diagonal- 
ized to fi by an appropriate matrix V with the trans- 
formation 

KevMV-1, (4.5) 

where iI& = -hi are the real eigenvahres of M _ The 
fundamental matrix (see (2.6), (2.7)) is then given by 
V and hi through: 

C&(t) = i= YiF1 emhi’ Yjk. 
j=l 

(4.6) 

According to our model the fhrxes are generated by the 
jumps of the ions over the barriers. Because from a bind- 
ing site i only jumps to the adjacent sites (i - 1) and 
(i t 1) are allowed, the only nonvanishing Components 

of the flux-matrix @are sbi;l,i and &_ r,i, and it is use- 
N to introduce the following notations 

9- _=@! 
I+1,l x+1’ @f- l,f = @F- (4.7) 

Furthermore we define the total flux 4 over the ith 
barrier by 

$=+@bi”, i= l,2,_...n + 1. (4.8) 

The expected values for the individual fluxes are accord- 
ing to (2.9),(4-l), (4.2) 

<@;’ = k;_I <R’i_ 1), <@;> = k;UV$ (4.9) 

The measured electric current J is represented by a 
linear combination of the & 

n-z-l ?2+1 

(4.10) 

The yi depend on ths geometric properties (e.g. dis- 



tames between the binding sites) and the dielectric 
properties of the membrane-pore transport system. 

We calculate the correlations in the simplified no- 
tations given by the relations (4.1)-(4.10). The time 
correlation between fhtxes I+ and @k is with the use 
of(3.1)-(3.3) 

-t &_ 1 N,s_#;_,sL,_,# -k;sLki) 

t- +r;@;st, , j__l - k;_r”& I,$_ IX- (4-l 1) 

With (4-10) we get the autocorrelation function for 
the observed current 3: 

n-l-1 

+iFcl YiYk[k~-lNis-l(k~_l~k_l.i-k~~~) , 
+ k;NjWi Q&,i_l - ki__ 1 ak_l,i_l)le (4.124 

Using that S2u,, S&u, fin+X,&, ak ntl are zero and 
changing the indices in the summa6ons in an appro- 
priate way, thia result can be written more simply in 
the form 

n+l 

l iFz, f&(f) [fi,I_1$_l(7j7k,l k;, -7s7&;) 
* 

+ k;+&!+ I (ri+ 1 Y, k; - rj, 1 7,, 1 $J (4.12b) 

with SZki(t) according to (4-6). 

4.3. Noise spectrum and Nyquist relarion 

The noise spectrum is given by (3.7) and (4.6), 

(4.12). Because according to (4.6) the solutions of +he 
phenomenological equations are represented by sums 
of relaxations with time constants 

rj= “/Xi, (4.13) 

the spectnmt GJ(w) consists of a shot noise (white 
noise) term and a sum of Lorentz terms. We get 

X U& N;_,(7~7k.+.Ik;. -ri7&) 

+ k:+1fl;+l(7;+l 7& - ri+, 7k+l $I!- (4.14) 

In equilibrium (k:_ 1 Ni_ 1 = k:N;) this resuh agrees 
with results obtained by Lkger [ 1 l] with the use of 
the Nyquist relation 

GJ(w) = 4 RT Re( Y(a)) - (4.15) 

Re(Y(o)) = real part of the complex admittance Y(U). 
Calculation of the complex admittance for non-equili- 
brium stationary states (7 f 0) analogously as in [ 1 l] 
yields f133 

Re(Y(0)) = 4KT -?- frighttand side of (4.14)‘J. (4.16) 

Hence it follows immediately, that the Nyquist rela- 
tion (4.15) is valid also for fluctuations around non- 
equilibrium steady states. 

5. Further applications and special examples 

5.1. Noise generated by carrier mediated ion transport 

An alternative possibility of transport through mem- 
branes is the concept of carrier mediated ion transport, 
In the last ten years especiatly the Vdiinomycin- 
mediated transport through lipid bilayers has been 
extensively investigated by steady-state and macro- 
scopic time-dependent relaxation experiments [ 14- 

161. As a further application of our theoretical ap- 
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preach we briefly describe the analysis of carrier cur- 
rent noise in non-equilibrium steady-states. A detailed 
presentation comparing the noise analysis with the 
macroscopic relaxation analysis will be given in an 
extra paper. Carrier noise in the equilibrium case has re- 
cently been investigated by Kolb and Lauger [18]. 

We refer to the mechanism proposed by Euger and 
Stark [15] and Stark et al. [343 for carrier mediated 
ion transport_ In this model the transport takes place 
in four steps: (a) recombination of ion M’ and neutral 
carrier at the left-hand-interface (‘), (b) translocation 
of the complex to interface (“), (c) dissociation of the 
complex and release of the ion into the solution and 
(d) back transport of free carrier. Of course this basic 
four step mechanism can be extended to n steps. The 
essential difference between pores and carriers is the 
closed loop structure of the carrier mechanism_ The 
nth site is in contact with the first one. 

The current is generated by the movement of the 
charged complex MS+ between the left and right-hand 
interfaces. The total number No of carriers is constant. 
In cise of an applied voltage the system reaches a non- 
equilibrium driven steady-state. 

Using the notation in [ 14,151 the electrical current 
J is simply given by (F = Faraday constant) 

J= FQ,,, (5-l) 

with 

QMS = dds - &- (5.la) 

The expected values for the individual fluxes @&,, @b;;ls 
are 

‘@;M,> = &SW&, (&,> = ?&Wl;;& (5.2) 

Then from the general approach described in section 3 
the autocorrelation function is 

and the fundamental solutions C?kIsP kgS”, &T&,*. D5s” 
are the solutions of (5.4) for Wl;lS> a&d W&> under 

the initial conditions I&$&O) = 1, fV&s(0),N~(O), 
N:(O) = 0 and S2k~S,~,MS., akIs,MSv correspondingly. 

5.2. Pores wMr one or rwo binding sites 

As simple applications of the general formula (4.12b) 
and (4.14) we discuss current noise in pores with one or 
two binding sites, respectively. 

One binding site 
In this case the phenomenological equation for the 

expected value of the occupation number WI> is: 

WI> = k&N,, - (k; -f k;) WI’ + k;N2, (5.4) 

NC and iV2 are the constant concentrations on the left 
and right-hand sides of *he pores respectively. The sta- 
tionary solution is 

N; = (k;ZVo + k;N2)/(k; + k;). (5.5) 

The fundamental solution S2,, of the homogeneous 
equation belonging to (5.4) is simply 

-t/7 fill=e , r= (k; +kk;)-l_ (5.6) 

Hence from (4.12b) the autocorrelation function of 
current J is with (5.5) and (5.6): 

AJ(0) A_@) = S(r)A1 + e-t/iA, 

A, = y;(k& + k;Nf) -t y;(k;iV; + k;N2), (5.7) 

~4, = kbN&~2k; - $k;) +k;N2(r,r2k; -~;k;)- 

The corresponding spectrum GJ(o) is 

G+) = 2.4, +‘A, 4r/(l + w2r2)_ (5.8a) 

After some rearrangement we can write (5.8a) in the 
form 

+ 0272(y;(2k;k;N0 -+ k;k& + k;k;No) 

+ +$2k; k;N, + k;k;iY2 -t k;k;&))] . (5.8b) 
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In (5.7) and (5.8) we have not yet specified the con- 
stants 71 and 72. According to (4.10), (4-S) ri deter- 
mines the contribution of the fiux <3i to the measured 
current. In many cases 71,72 may be (see [ 113): 

with [ll] 

and 
71 =zeo slid. Y, = =eo s2ld, Sl +S2 =d, (5.9) 

where z is the valency of the ions, e. the elementary 
charge, d the membrance thickness (pore length) and 
s1(s2) the distance of the binding site from the left 
(right) pore mouth. With (5.9) the spectrum (5.8) 
agrees with the current noise spectrum recently ob- 
tained by Euger [lo,1 l] with different methods. 

Two binding sites 
For pores with two binding sites the phenomenolog- 

ical equations are: 

$’ = k’#,-, - (k; + k;) W,) -t k;W& 

viT2)=k;W+(k; +k;)W2)+k& (5.10) 

No, N3 are the constant reservoirs on the left, right 
side of the pores respectively. The stationary solutions 
of (5.10) are: 

k’ nixk’ 
fl= 0 Q 2 

+ k;) •f k;IV3 k; 

’ (k; ;tk;)(k;+k;)-kk;k;’ 

w2 = 
k&(k; •t k;) + kb_?Tgk; 

(k; + k’;) (k; f-k;) - k; k; - 

The fundamental solutions: 

(5.11) 

(5.12) 

(5.13) 

a =*(k; +k’; +k; +kz), b=+((k; +k;)-(k;+k;)) 

r=b2 +k;k;_ (5.14) 

With (5.1 l), (5.12) the autocorrelation and the spectral 

density of current are given by (4.12), (4.14). We omit 
the presentation of the explicit lengthly formula. 

5.3. closed pores 

The model of closed pores (no contact with outer 
reservoirs) in the case of two binding sites has recently 
been applied to the analysis of noise generated by hy- 
drophobic ions [ 173 and the analysis of gating current 
noise [ 17,l l] _ In closed pores the fluctuations are 
around equilibrium steady states. Furthermore in this 
case the microscopic fluxes may uniquely be expressed 
by the time derivative of the occupation numbers [ 133 _ 
Hence the case of closed pores is especially interesting 
for mainly two reasons: 

First, it may be treated not only by our general ap- 
proach to current noise described in this chapter, but 
also by a number of different methods: e.g. the 
Langevin method 1171, the master equation approach 
[13] or by apblication of the Nyquist theorem in the 
equilibrium case [ 1 l] _ So the application to the closed 
pore situation may serve as a test for the validity of the 
different methods. Second, because the pores are not 
in contact with outer reservoirs representing uncor- 
related noise sources, the long-time correlations a&so 
strong, that the spectral density Gdw) of current noise 
is = o2 for small frequencies, i.e. vanishes for o + 0. 

In the most simple closed pore case of two binding 
sites the phenomenological equations are in simplifica- 
tion of (5.10) for kb, k’;, k;, k; = 0: 

I 
WI> = -k;iN$ + k;Wz’. vj2’ = -uir,,. (5.15) 

For the occupation numbers holds the conservation re- 
lation 

Nl ‘N2 =N_ (5.16) 
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The steady state solutions of(5.15) are 

(5.17) 

The fundamental solutions of (5.15) are: 
.-..-.- 

% = r(k\ e-fir), $I2l2 = +k; e-f/ri, 

=22 = c(k; e-‘$, gzzl = +k; e-rlt;, 
(5.18) 

with 

r = (k; -I- k;)-’ (5.19) 

With (5.17)-(5,19) the autocorrelation function 
of current J becomes: 

A&O) A&?) = y2iV$ ic;(Zr 6(t) - e-*/7>. 

The corresponding spectral density is 

(5.20) 

GJ(o) = 4i?y2 
k; k; 32 w-7 

@k; -I-k;) (1 i- w*r*)’ 
(5.21) 

in agreement with the results obtained by other 
methods El 7,l I3. 

6. Discussion 

The aim of this paper has been to develop a unify- 
ing formalism for the analysis of current noise around 
non-equilibrium steady states generated by a number 
of different transport systems, which so far have not 
yet been treated OK have been treated by different 
methods. For this case we have started with elementary 
considerations about the ensemble averaged time cor- 
relations between the individual fluxes (see sect. 3.1) 
forming the correlation matrix C and derived the gen- 
eral expression (333) for these correlations. 

For explicite calculation of the correlations ma 
noise spectra of the observable quantities (e.g. electric 
current) one needs: (1) The fundamental solutions of 
the phenomenological equations for the expected val- 
ues of the occupation numbers. (2) Additional. informa- 
tions about the geometric and dielectric properties of 

the special transport system, which are not included in 
the phenomenologka3 equations. These informations 
are e.g. (a) ti.e coupling constants of the individual 
fluxes to tie measured current znd (b) detailed know- 
ledge about the indlvldual fluxes quip and GPi between 
the ith bmdlng site and the outer reservoirs. The latter 
information is necessaw for a decomposition of the 
diagonal elements Ma of the relaxation matrix M and 
of the inhomogenitiesyi, containing the summarized 
contributions $,#, $I+& > m) respectively. 

The wductIou of the calculation of current noise 
spectra to the solution of the macroscopic equation 
may be regarded as an extension to non-equilibrium 
situations of the usual Nyqulst theorem relating the 
noise spectra to the frequency dependent admittance. 
For the special pore transport systems discussed in 
section 4, the validity of the Nyquist relation also for 
noise around non-equilibrium steady states can explic- 
itely be shown. With our approach it will be possible 
to investigate the validity of the Nyquist relation in 
non-equilibrium states for a wide class of transport 
systems. 

The two basic assumptions underlyirtg the general 
expression (3.3) for the correlations are: (a) the short 
duration of the individual jumps of particles compared 
with the relaxation times in the system and (b) the ne- 
glection of interactions between the particles. We hope 
that by an extension of our approach we soon will be 
able to discuss also “Lhe influence of interactions on the 
noise spectra. 
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