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Subject of this paper is the transport noise in discrete systems. The transport systems are given by a number (7) of bind-
ing sites separated by energy barriers. These binding sites may be in contact with constant outer reservoirs. The state of the
system is characterized by the occupation numbers of particles (current carriers) at these binding sites. The change in time
of the occupationnumbers is generated by individual “jumps™ of particles over the energy barriers, building up the flux mat-
ter (for charged particles: the electric current). In the limit » — = continuum processes as e.g. usual diffusion are included in
the transport model. The fluctuations in occupation numbers and other quantities hinearly coupled to the occupation num-
bers may be treated with the usual master equation approach. The treatment of the fluctuations in fluxes (current) makes
necessary a diiferent theoretical approach which is presented in this paper under the assumption of vanishing interactions
between the particles. This approach may be applied to a number of different transport systems in bivlogy and physics (ion
transport through porous channels in membranes, carrier mediated ion transport through membranes, jump diffesion e.g
in superionic conductors). As in the master equation approach the calculation of correlations and noise spectra may be re-
duced to the solution of the macroscopic equations for the occupation numbers. This result may be regarded as a generaliza-
tHon to non-equilibrium current fluctuations of the usual Nyguist theorem relating the current (voltage) noise spectrum in

thernmal equilibrium to the macroscopic frequency dependent admittance.
The validity of the general approach is demonstrated by the calculation of the antocorrelation function and spectrum of
current noise for a number of special examples (e.g. pores in membrances, carrier mediated ion transport).

1. Introduction

In the last years the application of noise analysis to
biological systems has become an important method
[11. In many cases adequate theoretical concepts for
analyzing the noise measurements, e.g. electric noise
generated by nerve membrane channels, can be found
in older papers concerning fluctuation phenomena in
physical and chemical systems, e.g. [2.3], treated with
the so-called master equation approach. The master
equation approach is an adequate formalism for treat-
ing fluctuations in a set of variables representing a
Markov process. These Markovian variables may be the
occupation numbers of electronic states in a solid or
the concentrations in chemical kinetic systems.

In a series of papers {4—6] and in a recent review
[7] the master equation approach of van Vliet and
Fasset [2] and other authors has been used for noise
analysis of kinetic systems and applied to membrane

channels. In these systems the observable quantities
are linearly coupled to the Markovian variables [7].
E.g. in some models for nerve membrane channels,
the channels may be in different states, and one or more
states may be “open”. Then the current fluctuations
are proportional to the fluctuations of the number of
channels in the open state. Generally, if the observable
fluctuating quantities can be expressed by a linear com-
bination of the Markovian set of variables, the observed
fluctuations (correlations and spectra) are simply ex-
pressed by the correlation matrix or noise spectrum
matrix of the Markov process. Subject of this paper is
another type of fluctuations which is of basic impor-
tance as well as the fluctuations in occupation numbers
but which is basically different. Apart from special tri-
vial cases its theoretical treatment makes necessary a
different theoretical approach: Consider a number of
binding sites separated by energy barriers. Again the
state of the system can be characterized by the occupa-
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tion numbers of particles at the binding sites. If the

set of occupation numbers represents a Markov pro-
cess, their fluctuations may be treated with the master
equation approach. We assume that the change in time
of these occupation numbers is generated by individual
“jumps” of particles over the energy barriers, building
up the fluxes of matter. The fluctuations in these fluxes
around steady states are the sources of the transport
noise {€.g. current noise) generated by the described
discrete transport system. And the general treatment

of the fluctuations of these fluxes will be presented in
this paper. Because the transport system is aliowed to
be in contact with outer constant reservoirs, fluctua-
tHons around non-equilibrium steady states are included.

The fluctuations in fluxes {currents) make necessary
a different theoretical approach, because a unique repre-
sentation of the microscopic fluxes by the occupation
numbers in general is not possible. Nevertheless it will
be shown that as in the master equation approach to
concentration fluctuations the problem of calculating
the correlations and noise spectra in fluxes can be re-
duced to the solution of the macroscopic phenomeno-
logical equations, describing the change in time of the
occupation numbers.

In an appropriate limit of 7z — o= (;2: number of bind-
ing sites) and vanishing distance between the binding
sites the phenomenological equations become usual
{continuum) diffusion equations. Hence the continuum
case may be treated as a limit of the discrete transport
model. This will be explicitely done for special cases
of one-dimensional transport through pores in a later
paper.

A most important application of the presented
theoretical approach are current fluctuations in elec-
trical systems, because generally the measured current
is given by an appropriate linear combination of the
individual fluxes. With our general approach the cur-
rent fluctuations in a number of biological and physi-
cal transport systems may be analysed, which at first
sight demand different methods or so far have been
treated by different methods or which could not yet
be treated.

Two important examples are: First, the one-dimen-
sional transport through pores (tnembrane channels),
which are represented by a sequence of binding sites
[8.,9]1. Second, carrier transport systems. The first ex-
ample has recently been treated by Liuger for the spe-
cial case of one binding site within the pore [10} and

for arbitrary numbers of binding sites in the equilibzium
case [11] with the use of the Nyquist theorem. Besides,
from our resuli for the general current noise spectrum
the validity of the Nyquist theorem for pore transport
systems also far from equilibrium can simply be derived.

The presentation in this paper is arranged as follows:
In the second section we describe the general discrete
transport model, introduce the necessary notations and
conventions and formulate the phenomenological equa-
tions for occupation numbers, which determine the
macroscopic behaviour of the system. In the third sec-
tion we derive the general theoretical approach to the
fluctuations in fluxes around a (non-equilibrium) steady
state starting with an investigation of the time correla-
tion between the individual fluxes. In the fourth sec-
tion we describe the application to transport noise in
pores. Finally in the fifth section we demonstrate the
validity of the procedure by application to carrier me-
diated ion transport far from equilibrium and by ex-
plicite discussion of some simple examples: transport
noise in pores with one and two binding sites and mod-
els for gating current and hydrophobic ions.

A detailed treatment of pores with arbitrary num-
ber of binding sites and of carrier noise including the
comparison of noise analysis with macroscopic relaxa-
tion experiments will be given elsewhere.

2. Discrete transport systems
2.1. The phenomenological equations

The transport system is considered to consist of 7
binding sites, i.e. possible places for the particles, repre-
senting the transported medium. For simplicity the
particles are assumed to be identical as far as their
transport properties are concerned. In electric systems
in this identity is contained the nption, that all
particles carry the same charge. We emphasize that we
make this assumption only in order to avoid confusion
by introduction of additional parameters. It is not an
essential assumption for performing the presented theo-
retical approach.

Furthermore ithe binding sites may be in contact
with a constant environment (reservoirs). The change
in time of the expecied occupation numbers (Vppcp)
{(numbers of particies at the 7th binding site) is assumed
to be given by the following set of phenomenological
equations




E. _rehland[Current noise around steady states in discrete transport systems 257

d(-?v;')u (o)lldt :j;‘(wl )N(O}’ == (N??)N(O)’ 7&)’ (2‘1)

Lk=1,2,..,0.

In (2.1) -y, stands for the interaction with constant
reservoirs. A systemn of the type (2.1) is called a dyna-
mical system. In the equations (2.1) random fluctua-
tions are neglected.

The index N (0), denoting the initial state, is omit-
ted in the following.

If the system contains a stable time-independent
solution (stable point) linearization around this steady
state NS yields the linearized equations

n
&N/dr =27 M AN) +y, (2.23)
=1 77 z
or in matrix notation
A(ND/dr =M(ND +y. 2.2b)

The steady state solution N°® of (2.2) and (2.1) is given
by the linear equations

Ed
2 M5+, =0, 23)
which are solved by standard methods,

in the following treatment of fluctuations around
the steady state N® the linearized equations (2.2) are
used. This is a consistent approximation in case the
calculated fluctuations are small enough to remain
within the region around NS where the linearization
(2.2) is a good approximation of (2.1). Below we shall
specialize to cases where interactions between the trans-
ported particles can be neglected.

The justification of this assumption implies the
validity of the linearization (2.2). Having solved (2.3)
and introduced
o= N, N @49
we get for {&) from (2.2), (2.3) the homogeneous equa-
tions

d{ad/dr =M{(e). (2.5)

The system (2.5) of linear first order differential equa-

tions may be solved by standard methods extensively
described in the literature [e.g. 12]. In this and the
following papers we shall derive explicite solutions for
special systems.

We now assume to have solved (2.5) and inwroduce
the fundamental matrix £2(2) of the systemn with the
elements £2;(?) as solutions

§2,.(0) = (1P 2.6)

of (2.5) under the initial cond:tion

o (0)=1, ai.(O) = () else, for vy #0,
.7
for y =0.

N(©)=1, N(0)=0else,

Obviously
lim Q()=0.

z—>ca

The fundamental matrix £ represents the solution
of (2.5), because for arbitrary initial condition N(0)
the solution of (2.5) is (& transpose of &)
{la () = () & (0), for vy 550,
N 2.8)
{a(N=2{OHN(0), for y=0.
We note that £ in discrete systems is in complete anal-
ogy to the Green’s function G(r, r, £) in continuous sys-
tems, representing the solution e(r, #) of a (linear) par-
tial differential equation unde: the initial condition

c(r,0)=56@G —r).
2.2. The flux matrix

In the general case we admit jumps of particles be-
tween all binding sites. These jumps build up the in-
dividual fluxes, which consist of a sum of §-functions,
i.e. the duration of the jumps is assumed to be very
short compared with the characteristic time constants
occurring in the fundamental solution for the expected
values. We introduce the flux matrix®. The element ¢;;
is the flux from the kth to the ith binding site ¢;; is
set zero.

Microscopically ¢;;(#) consists of a sum of 3-func-
tions. The expected values (¢;;(¢)) are given by the ex-
pected values (W(7) in a way which depends on the
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special structure of the transport. In this paper we
want to restrict to the general case, where interactions
between the individual particles are neglected. In this
case the probability of “jumps™ from the kth binding
site is proportional to the 0»cupat|on number Ny. My
( #+ k) is the jump rate from % to i, i.e. the probability
(per unit time) that a particle at the £th binding site
jumps to the ith site. Hence the expected values (¢;3)

are given by

iFk,

@, (0 =1, (2.9)

@;(» = 0.

2 V@D,

The stationary expected values of the fluxes {¢;;) are
indicated by {¢3;). The deviations from the stationary
expecied ﬂuxes are given by {p):

W (O = 9. (D) — (2.10)

3
¢ 1L
Of central importance for the calculation of the fluc-
tuations will be the “fundamental” expected fluxes

k@ =n1; 2, @, (2.11)

ij =
which describe the expected value of flux y;;(z) under
the initial condition (2.7).

Up to now we have considered only the internal
fluxes between binding sites. If the system is open, i.e.
the binding sites are in contact with (2 — 22) outer
reservoirs, we have to regard the fluxes between the
reservoirs and the binding sites as well. For this case
we extend the (7 X n)-flux-matrix to a m X m)-matrix
(7 > n) with the components

Sy =%y (W=iv=k) forp,v<n,
S Ppir O for mv>n, i<n. (2.92)

The components ¢,,; denote the flux from the 7th bind-
ing site to the (¢ — n2)th reservoir and ¢,-” the reverse. Fur-
thermore if there are jumps between the reservoirs them-
selves, these are the components ¢,,.(11, » > 7). The ex-
tension to gy, is sirnilar.

Natuerally the expected values {¢;,)) and (9, ) (1, ¥
> n) are the time-independent i.e. W40 =0,40,,,) =0,
while for @2, in correspondence to (2 10) holds:

(gapi(r)) = (<pm.(i)) — (gbfn.). (2.102)
And the “fundamental” expected fluxes are in exien-
sion of (2.11)

(gD N =M, 2, (D), (2.113)
where M,,; are the rate constants for jumps from the
ith binding site into the reservoir (u — 7). Obviously
the AM,,; are implicitely contained in the diagonal ele-
ments #; of M.

We can extend as well £2;; . But by the assumption
that the reservoirs are constant there is no correlation
between jumps into the reservoirs, jumps beiween the
reservoirs and the other fluxes and beitween the jumps
from the reservoirs to the binding sites. Hence the com-
ponents £, Qm’ LY vanish forp, v >n.

2.3. Observeble guantities

We assume the observed flux J to be some linear
combination of the individual fluxes ¢,

JE'y(b

gr=1

2.12)

It is not necessary to make specific assumptions about
the (m X m)-matrix 5 at this moment. In electrical sys-
tems, where J is the observed current, the contributions
of jumps from the 7th site to the £th site and reverse
differ only in sign: Then ¥ is an antisymnetric matrix
(2.13)

T = T

3. Correlation functions and spectra of the fluctuations
in fluxes
3.1. The correlation matrix

We introduce a correlation matrix C(?) of fourth

order with the elements C,,, ,, (7) representing the
usual ensemble averaged correlations between the in-

dividual fluxes ¢, at one time and Py at the same
time or later:
Croo oo = 8,,(0) 8, (1) — 55 ) (&5 ). @G.1)
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Because we consider steady states, the correlations
can be referred to time zevo.

We now derive a general expression for C, ., Tak-
ing the ensemble average at time zero contributions to

9,,,{0) qB,,p(ti can only occur when at 7 = 0 a particle
jumnps from the site » to the site u. If interactions be-

tween the particles can be neglected, {2.9) is valid and
the mean rate of such jumps is in the steady state egual
to the expected stationary flux (qbzy)

©@.)=M,, NS (G2)

Then the general expression for C,,, ., (#) is stmply
- 5

Cr g D =M N5 ., 8D +10,, 2, D), (B3)
with
5 ___(1 forp,v=r,p

BP0 else i
The validity of (3.3) may be seen by the following argu-
menis: The 8-like first term in (3.3) is the correlation
of the jumps from » to p with themselves at = 0.
"This term can be interpreted as a usual shot noise con-
tribution.

Taking the ensemble average in (3.1) leads to the
conditional average for ¢, (#) under the (initial) con-
dition that at z = 0 a particle is in the pth binding
site as conseqgience of the jump from » to p. And
the time depeadent contribution of this conditional
average to C(7) is just the expected “fundamental™
flux ¢F | Hence with (2.11), (2.113) results the second

Ko
term in (3.3).

3.2. The spectra

Obvionsly the fourth order time correlation matrix
©(?) in general is not time reversible (C(H) #C(—1)).
The fourth order noise spectrum matrix G{w) is deter-
mined by €(?) through the Wiener—Khintchine rela-
Hions:

G:-w, Kp («)

_ PRy N jeat
-2Re[{ Copp &3 dt-r_of Cop i dr].

(3.4)

3.3, Autocorrelation and noise spectrum of the
observed flux

The autocorrelation of J, which may be measured
in noise experiments, is with (2.12), (3.1) and (3.3)

m
AT(Q) AT() = W’?’FL Y Yip Cupicp
m (3.5)
T pidp=1 Ter ke M Vo8, o) + M, 2, (D]

The noise spectrum G;{(w) of J is

G (w)=4Re [ AT(0) AT() &7 ar.

3.6
0
Hence with (3.5)
m
Gld= 20 v, M NS
B K,p=1

X [2 B iprep TAM, Of 2, () cos wr dr]. G

The first (shot noise) term in (3.7) is white noise. If all
eigenvalues of M, are real, Q, () consists of a sum
of relaxation terms e~ %77, Then the second partisa
sum of usual Lorentz-type spectra.

By the results (3.3)—(3.7) the microscopic fluctua-
tions of the fluxes of matter and linearly coupled quan-
tities as the electric current are related to the phenom-
enological equations (2.1), (2.2) and hence to the
macroscopic properties. This result is valid for steady
states also far from equilibrium and may be regarded
as an extension of the well known Nyquist formula for
current fluctuations in eguilibrium.

4. Transport noise in pores

In this chapter we apply the general approach to cur-
rent noise generated by ion transport through pores in
a barrier model. Similarly the described model may be
applied also to other transport systems (e.g. superionic
conductors).
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4.1. The modei

The transport model (“‘pores) is considered to be
a sequence of (# + 1) activation barriers separated by
n energy minima (binding sites). The transport system
is assumed to consist of a great number of identical
noninteracting pores. The rate constants for jumps
from the ith binding site to the right or to the left are
denoted by %;, k} respectively. They are assumed to
be independent of the occupation numbers V;. The
macroscopic (phenomenological) equations for the
rate of change (iVi) are then given by:

WP =kogNy — (ky R W) HE,WN,),

WP =k | W, — R+ ED WD +E] WV, ), (41
W=k, (W, )Gy YR Nk Ny
The concentrations Ny, V), ;1 at the pore mouths,
which determine the influx into the pores, are assumed

to be constant and the rate constants k;, k; form the
coefficients of the relaxation matrix M in (2.2):

My=—CG; ¥R, Mgy =Ky

My =k My =0else (4.2a)
and

¥, =kgNy, ¥,=k, N, ., y;=0eclse. (4.2b)

In the limit 7 - ==, which can be regarded as the transi-
Hon to the continuum case, (4.1) becomes a linear dif-
fusion equation [9,13], the special struciure of which
depends on the special choice of &}, k;. The equations
for N; and N,, become (homogeneous) boundary con-
ditions.

The system (4.1) can always be symmetrized and
the eigenvalues of the relaxation matrix of the system
are real and negative [13]. The symmetrization is
done by the diagonal matrix T with the components:

=1y 5 4

7 =1, ti=\/klf'/k,f_1, i=2,3,..,n. “3)

Under this transformation N, vy and Mare transformed
to

N=TN, y=Ty, WM=TMTI (@42)
with
My=My, Mg =My =VE K (4.4b)

Because M may be symirmnetrized, it can also be diagonal-
ized to M by an appropriate matrix V with the trans-
formation
M=vMvVv-1 “4.5)
where Il?ﬁ = —A}; are the real eigenvalues of M. The
fundamental matrix (see (2.6), (2.7)) is then given by
V and }; through:

n
= —1 —Aj
szik(t)—j:Z)l vile My, 4.6)

According to our model the fluxes are generated by the
jumps of the ions over the barriers. Because from a bind-
ing site i only jumps to the adjacent sites (i — 1) and

(i + 1) are allowed, ithe only nonvanishing components
of the flux-matrix are ¢;,; ; and §;_; ;, and it is use-
ful to introduce the foliowing notations

Dir1,i = 9ir1> 6_1,i=%i- “.7
Furthermore we define the total flux ¢; over the ith
barrier by

&=0¢;—¢, i=1,2,.,n+1. “.8
The expected values for the individual fluxes are accord-
ing to (2.9),(4.1), (4.2)

WP=kK;_; W;_, @)= k; V). (4.9)
The measured electric current J is represented by a
linear combination of the ¢;

n+1 7+l

7= T %9,= 20 %@ — ). “.10)

The 7; depend on the geometric properties {(e.g. dis-
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tances between the binding sites) and the dielectric
properties of the membrane—pore transport system.

4.2. The correlations
We calculate the correlations in the simplified no-

tations given by the relations (4.1)—(4.10). The time

correlation between fluxes ¢; and ¢, is with the use

of (3.1)—3.3)

90 9, (D= (9] — 9], (6

+85(k;_ Ny

— 91, =@D @D
1 TR 8()
L LY (N

A CATFIRE SRR P | B

”
1 Qk— 1,7 “'kkgki)
4.11)

With (4.10) we get the autocorrelation function for
the observed current J:
n+1

AT(0) AT = 1Z=)1 P2, NS, TEIN) 5(2)

7+l

+ 20 Vv Ikl Vi G 1% 1,

k"g R
i k=1 k kl)

RN R s~k g D) (4122)

Using that Qgz, 4.0, 2,43, x> 2, ;,+1 are zero and
changing the indices in the samaations in an appro-
priate way, this result can be written more simply in
the form

n+l
AJ(O) AI(D) = Z‘, YK, NE_| +EIND 8()

n
' 3 ’ ”
* ,EZ 1 Cai O Wy N7 O o B — 77K

F RV Oy TRRE — Tisy Ve Bl (4:120)
with £; (7} according to (4.6).

4.3. Noise spectrum arid Nyguist relation

The noise spectrum is given by (3.7) and (4.6),

(4.12). Because according to (4.6) the solutions of the
phenomenological equations are represented by sums
of relaxations with time constants

7= 1, 4.13)

the spectrum G j{cw) consists of a shot noise (white
noise) term and a sum of Lorentz terms. We get

n+1

- 2,07 "
GJ(“’)‘Z:L.:JI 7 R Ny RN

L3
+4E (1 + w21 @_1 vilv,

Xy N OYrar B — 7Y R

PR N Oy ek — Vi1 M KDY (31D
In equilibrium (k;_; N7_; = k{N}) this result agrees
with results obtained by Liuger [11] with the use of
the Nyquist relation
G () =4 KT Re(Y(w))- 4.15)
Re(¥(w)) = real part of the complex admittance ¥Y(w).
Calculation of the complex admittance for non-equili-
brium stationary states (J 3 0) analogously as in [11]
yields {13]
Re(Y(c)) = 3+ [righthand side of (4.14)].  (4.16)
Hence it follows immediately, that the Nyquist rela-
tion (4.15) is valid also for fluctuations around non-
equilibrium steady states.

5. Further applications and special examples
3.1. Noise generated by carrier mediated ion transport

An alternative possibility of transport through mem-
branes is the concept of carrier mediated ion transport.
In the last ten years especially the valinomycin-
mediated transport through lipid bilayers has been
extensively investigated by steady-state and macro-
scopic time-dependent relaxation experiments [14—
16]. As a further application of our theoretical ap-
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proach we briefly describe the analysis of carrier cur-
rent noise in non-equilibrium steady-states. A detaziled
presentation comparing the noise analysis with the
macroscopic relaxation analysis will be given in an
extra paper. Carrier noise in the equilibrium case has re-
cently been investigated by Kolb and Lauger [18].

We refer to the mechanism proposed by Liuger and
Stark [15] and Stark et al. [14] for carrier mediated
ion transport. In this model the transport takes place
in four steps: (a) recombination of ion M™ and neutral
carrier at the left-hand-interface (), (b) iranslocaiion
of the complex to interface (”), (c) dissociation of the
complex and release of the ion into the solution and
(@) back transport of free carrier. Of course this basic
four step mechanism can be extended to n steps. The
essential difference between pores and carriers is the
closed loop structure of the carrier mechanism. The
z1th site is in contact with the first one.

The current is generated by the movement of the
charged complex MS™ between the left and right-hand
interfaces. The total number Ny of carriers is constant.
In case of an applied voltage the system reaches a non-
equilibrium driven steady-state.

Using the notation in [14,15] the electrical current
J is simply given by (¥ = Faraday constant)

J=Fyq, (CEY)
with
Ons = s — Pus- (5.1a)

The expected values for the individual fluxes ¢yg. Pps
are

D’ = kysWys’ us’ =kysWys- (52

Then from the general approach described in section 3
the avutocorrelation function is

1 — r A "7 "
=7 AT AID = (s iy + ks Nans) 502

’ “r? r ”
FEpms M ms Fus usr Ms” — Fas 2ms7 ms7)
1/ w14 ” r
*EnsVisusSvs” mst — FusSmstms) (5-3)

and the fundamental solutions QMS',MS"’ ths"’ MS”
are the solutions of (5.4) for Wy, > and Vs under

the initial conditions NVy;5(0) = 1, Np5(0), Ng(0),
Ng(0) = 0 and Q157 ys'> s, s correspondingly.

5.2. Pores with one or two binding sites

As simple applications of the general formula (4.12b)
and (4.14) we discuss current noise in pores with one or
two binding sites, respectively.

Orne binding site

In this case the phenomenological equation for the
expected value of the occupation number (V;) is:
Wp=kogNg — (kg TR WV +ELN,, 5.4
N, and IV, are the constant concentrations on the left
and right-hand sides of ihe pores respeciively. The sta-
tionary solution is
N§ = (kN + K5 N (K + KY)- (5.5
The fundamental solution £ of the homogeneous
equation belonging to (5.4) is simply

Q.. = e"””,

11 =Gy +x7L (5.6)

Hence from (4.12b) the autocorrelation function of
current J is with (5.5) and (5.6):
AJO) AT(D = 5(D A, +e 7 4,

Ay =73k Ny + KN + 3K NS +EON,),  (5.7)

— 7! ’ 2.7 ” ” 2.
Ay =kogNo(r1 72 k7 —77%7) RN (v v k1 —75K7)-

The corresponding spectrum G ;{w) is

Gw) =24, +A, 47/(1 + w?72). (5.82)
After some rearrangement we can write (5.8a) in the
form
27 r o "an
Gw)= Y [Cy, +7,)? (R kN + Kk koN,)
4

+ 22 (V3 (k5 kg Ny + KTKL N, + Ky kg N,)

+ Y32k KGN, + K RN, K RGN, (5.8b)
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in (5.7) and (5.8) we have not yet specified the con-
stants 7y and y,. According to (4.10), (4.8) ; deter-
mines the contribution of the flux ¢; to the measured
current. In many cases y; , 7, may be (see [11]):

7 =z2¢g slld, v, =zegsyld, s, vsy;=d, (59)
where z is the valency of the ions, ¢ the elementary
charge, d the membrance thickness (pore length) and
s1(s,) the distance of the binding site from the left
(right) pore mouth. With (5.9) the spectirum (5.8)
agrees with the current noise spectrum recently ob-
tained by Lauger [10,11] with different methods.

Two binding sites

For pores with two binding sites the phenomenolog-
ical equations are:
WD =koNy — (k) +E)D V) + RGN,
W) = KN — (K +K5) W) +KGN,. (5.10)

NO,N3 are the constant reservoirs on the left, right
side of the pores respectively. The stationary solutions
of (5.10) are:

ON\(k +k5) + KGN K

(k] ;l:kl) (k2 +k2) - iclk2

1°

k'3'N3(k' TR F RGN K
2= ” ” - (5'1 1)
&3 K (K, +ky) — kK,

The fundamental solutions:

2, _bfr et/ _.b;\/.\_ge—tlfz’

2/r 2N/r

912= b+\/— —r/.1+b+\/— —t/~
2Vr V7

Q :_T\/— —1/71 +b+f —t/72

Q, =b=vr —Vr e~

—_ -b——_.\é‘ e t/72
1 2\/_ 2,\/'; >

(5.12)

with [11]

73 =(a +\/;)—1:

and

=@ -Vt (5.13)

=LKy +E) FRY K, b =R, ) — (K +ED))

r=b2 + kK"

K- (5.14)

With (5.11), (5.12) the autocorrelation and the spectral
density of current are given by (4.12), (4.14). We omit
the presentation of the explicit lengthly formula.

5.3. Closed pores

The model of closed pores (no contact with outer
reservoirs) in the case of two binding sites has recently
been applied to the analysis of noise generated by hy-
drophobic ions [17] and the analysis of gating current
noise [17,11]. In closed pores the fluctuations are
around equilibrium steady states. Furthermore in this
case the microscopic fluxes may uniguely be expressed
by the time derivative of the occupation numbers [13].
Hence the case of closed pores is especially interesting
for mainly two reasons:

First, it may be treated not only by our general ap-
proach to current noise described in this chapter, but
also by a number of different methods: e.g. the
Langevin method [17], the master equation approach
[13] or by application of the Nyquist theorem in the
equilibrium case [11]. So the application to the closed
pore situation may serve as a test for the validity of the
different methods. Second, because the pores are not
in contact with outer reservoirs representing uncor-
related noise sources, the long-time correlations are so
strong, that the spectral density G ;(w) of current noise
is ®¢c? for small frequencies, i.e. vanishes for w — 0,

In the most simple closed pore case of two binding
sites the phenomenological equations are in simplifica-
tion of (5.10) for kg, k7. k5, k3 =0:

W= —k N+ ESNL). Ny = N (5.15)
For the occupation numbers holds the conservation re-
lation

N, +N,=N. (5.16)
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The steady state solutions of (5.15) are

rs

94 k
NS = .2 5 _ S 1
1 y - N, N>=N_-N; =77 .
Ky TRy 2 1 Ky TE,
(5.17)
The fundamental solutions of (5.15) are:
Qqy =7k e, R, =7(-%, e=/m,
y (5.18)
Qyp= f(kz' e 7y, Q5= —(—-k'l et 3
with
=)+ (5.19)

With (5.17)—(5.19) the autocorrelation function
of current J becomes:

AJ(0) AJ(D) = V2 NK k(27 8(r) — e~ 7). (5.20)
The corresponding spectral density is
KK 2.2
172 @7 .21

G =4NY? = s
() b4 &, +&5) (1 +w32)

in agreement with the results obtained by other
methods [17,11].

6. Discussion

The aim of this paper has been to develop a unify-
ing formalism for the analysis of current noise around
non-equilibrium steady states generated by a number
of different transport systems, which so far kave not
yet been treated or have been ireated by different
methods. For this case we have staried with elementary
considerations about the ensemble averaged time cor-
relations between the individual fluxes (see sect. 3.1)
forming the correlation matrix € and derived the gen-
eral expression (3.3) for these correlations.

For explicite calculation of the correlations and
noise spectra of the observable quantities {e.g. electric
current) one needs: {1) The fundamental solutions of
the phenomenological equations for the expected val-
ues of the occupation numbers. (2) Additional informa-
tions about the geometric and dielectric properties of

the special transpori system, which are not included in
the phenomenological equations. These informations
are e.g. (2) v.e coupling constants of the individual
fluxes to the measured curzent and (b) detailed know-
ledge about the individual fluxes ¢;,, and ¢, ; between
the ith binding site and the outer reservoirs. The latter
information is necessary for a decomposition of the
diagonal elements M of the relaxation matrix M and
of the inhomogenities y;, containing the summarized
contributions &,,;, ¢;, (1t > m) respectively.

The reduction of the cailculation of current noise
specira to the solution of the macroscopic equation
may be regarded as an extension to non-equilibrium
situations of the usnal Nyquist theorem relating the
noise specira to the frequency dependent admittance.
For the special pore transport systems discussed in
section 4, the validity of the Nyquist relation also for
noise around non-equilibrium steady states can explic-
itely be shown. With our approach it will be possible
to investigate the validity of the Nyquist relation in
non-equilibrium states for a wide class of transport
systems.

The two basic assumptions underlying the general
expression (3.3) for the correlations are: (a) the short
duration of the individual jumps of particles compared
with the relaxation times in the sysiem and (b) the ne-
glection of interactions between the particles. We hope
that by an extension of our approach we soon will be
able to discuss also the influence of interactions on the
noise specira.
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